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Abstract 

Using Poincare parametrization of AdS space, we study totally symmetric arbitrary spin mass- 
less fields in AdS space of dimension greater than or equal to four. CFT adapted gauge invariant 
formulation for such fields is developed. Gauge symmetries are realized similarly to the ones of 
Stueckelberg formulation of massive fields. We demonstrate that the curvature and radial coordi- 
nate contributions to the gauge transformation and Lagrangian of the AdS fields can be expressed 
in terms of ladder operators. Realization of the global AdS symmetries in the conformal algebra 
basis is obtained. Modified de Donder gauge leading to simple gauge fixed Lagrangian is found. 
The modified de Donder gauge leads to decoupled equations of motion which can easily be solved 
in terms of the Bessel function. Interrelations between our approach to the massless AdS fields 
and the Stueckelberg approach to massive fields in flat space are discussed. 
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1 Introduction 



Further progress in understanding AdS/CFT correspondence [1 J requires, among other things, bet- 
ter understanding of field dynamics in AdS space. Conjectured duality of conformal SYM theory 
and superstring theory in AdS 5 x S 5 has lead to intensive and in-depth study of various aspects 
of AdS field dynamics. Although many interesting approaches to AdS fields are known in the 
literature (for review see CD-Hi), analysis of concrete dynamical aspects of such fields is still a 
challenging procedure. One of ways to simplify analysis of field and string dynamics in AdS space 
is based on use of the Poincare parametrization of AdS spaceQ. Use of the Poincare coordinates 
simplifies analysis of many aspect of AdS field dynamics and therefore these coordinates have 
extensively been used for studying the AdS/CFT correspondence. In this paper we develop a for- 
mulation which is based on considering of AdS field dynamics in the Poincare coordinates. This is 
to say that using the Poincare parametrization of AdS space we discuss massless totally symmetric 
arbitrary spin-s, s > 1, bosonic field propagating in AdSd+i space of dimension d + 1 > 4. Our 
results can be summarized as follows. 

i) Using the Poincare parametrization of AdS, we obtain gauge invariant Lagrangian for free 
massless arbitrary spin AdS field. The Lagrangian is explicitly invariant with respect to boundary 
Poincare symmetries, i.e., manifest symmetries of our Lagrangian are adapted to manifest symme- 
tries of boundary CFT We show that all the curvature and radial coordinate contributions to our La- 
grangian and gauge transformation are entirely expressed in terms of ladder operators that depend 
on radial coordinate and radial derivative. Besides this, our Lagrangian and gauge transformation 
are similar to the ones of Stueckelberg formulation of massive field in flat d-dimensional space. 
General structure of the Lagrangian we obtained is valid for any theory that respects Poincare 
symmetries. Various theories are distinguished by appropriate ladder operators. 

ii) We find modified de Donder gauge that leads to simple gauge fixed Lagrangian. The surprise 
is that this gauge gives decoupled equations of motion^ Note that the standard de Donder gauge 
leads to coupled equations of motion whose solutions for s > 2 are not known in closed form so 
far. In contrast to this, our modified de Donder gauge leads to simple decoupled equations which 
are easily solved in terms of the Bessel function. Application of our approach to studying the 
AdS/CFT correspondence may be found in Ref. lfTOll . 

Motivation for our study of higher-spin AdS fields in Poincare parametrization which is beyond 
the scope of this paper may be found at the end of Section 5. 

2 Lagrangian and gauge symmetries 

We begin with discussion of field content of our approach. In Ref. lfTTI . the massless spin-s field 
propagating in AdSd+i space is described by double-traceless so(d, 1) algebra totally symmetric 
tensor field $ Al As Q This tensor field can be decomposed in scalar, vector, and totally symmetric 

1 Studying AdS 5 x S 5 superstring action [5 1 in Poincare parametrization may be found in Ref.[6|. Recent inter- 
esting application of Poincare coordinates to studying AdSs x S 5 string T— duality may be found in [7 1 (see also 

El). 

2 Our modified de Donder gauge seems to be unique first-derivative gauge that leads to decoupled equations of 
motion. Light-cone gauge [9| also leads to decoupled equations of motion, but the light-cone gauge breaks boundary 
Lorentz symmetries. 

3 A,B,C = 0,1, ... ,d and a,b,c = 0, 1, . . . , d — 1 are the respective flat vector indices of the so(d, 1) and 
so(d — 1, 1) algebras. In Poincare parametrization of AdS^+i space, ds 2 = (dx a dx a + dzdz)/ z 2 . We use the 
conventions: d a = d/dx a , d z = d/dz. Vectors of so(d, 1) algebra are decomposed as X A = (X a , X z ). 
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tensor fields of the so(d — 1, 1) algebra: 

(ft'"**, s' = 0,l,...,s-l,s. (2.1) 

The fields 0", 1 '" 08 ' with s' > 3 are double-traceless^l 

^ k5 -" Os '=0, s' = A,5,...,s-l,s. (2.2) 

The fields in (12.11) subject to constraints (12.21) constitute a field content of our approach. To simplify 
presentation we use a set of the creation operators a a , a z , and the respective set of annihilation 
operators, a a , a z . Then, fields (12.11) can be collected into a ket-vector \<f>) defined b}H 

s 

i0>= j>*r s, i0 s ,), (2.3) 

s'=0 

^->' sV(s 1 - s o! a °'-" a " ,g ""°" |0) - (2 ' 4) 

From (|2.3I) . (|2.4I) . we see that the ket-vector \(j>) is degree-s homogeneous polynomial in the oscil- 
lators a a , a z , while the ket-vector \<f> s >) is degree-s' homogeneous polynomial in the oscillators a a , 
i.e., these ket-vectors satisfy the relations^ 

(N a + N z -s)\<f ) } = J (N a - S ')\<f) s ,) = 0. (2.5) 

In terms of the ket-vector double-tracelessness constraint (12.21 ) takes the forrrfl 

(a 2 ) 2 |0) = O. (2.6) 



S=ld d xdzC, C=~(<f>\E\<l>), (2.7) 



Action and Lagrangian we found take the form 

C. = 

2 

= (\(f))y, where operator E is given by 

E = E {2) + E w + E(o) , (2.8) 

1111 

E (2) = □ - a<9a<9 + -(«9) 2 a 2 + -a 2 (a9) 2 - -a 2 Ua 2 - -a 2 adada 2 , (2.9) 

E m = EiA+exA, (2.10) 

£J (0) = mi + a 2 a 2 m 2 + m 3 o; 2 + m 3 a 2 , (2.11) 

A = ad — a 2 dd + ^a 2 add 2 , (2.12) 

^4 = a9-a<9a 2 + ^a 2 ddd 2 , (2.13) 



4 Note that so(d — 1, 1) tensorial components of the Fronsdal field $ Al ■■■ As are not double-traceless. Using 
appropriate transformation (see (|5.22| i) those tensorial components can be transformed to our fields in J2.ll ). 

5 We use oscillator formulation lfT2l - lfT4l to handle the many indices appearing for tensor fields (see also fl31 ). It 
can also be reformulated as an algebra acting on the symmetric-spinor bundle on the manifold M [ 1 6 1 . 

6 Throughout this paper we use the following notation for operators constructed out the oscillators and derivatives: 
N a ee a a a a , N z = a z a z , a 2 = a a a a , a 2 = a a a a , □ = d a d a , ad = a a d a , ad = a a d a . 

1 We adapt the formulation in terms of the double-traceless gauge fields ifTD . Adaptation of approach in Ref. lfTTl 
to massive fields may be found in Refs. ifTTl ITSl . Discussion of various formulations in terms of unconstrained gauge 
fields may be found in Refs. 1 19 1-[ 24 1. Study of other interesting approaches which seem to be most suitable for the 
theory of interacting fields may be found e.g. in Refs. 1 251- 1271 . 
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/ 2s + d-b-2J\ z \ 
ei = ei,i (0 Z + — J , (2.14) 

ei=[d t eii, (2.15) 



2z 

e hl = a z f, e hl = fa z , (2.16) 
( 2s + d-4-N z y/* 



2s + d - 3 - 2N Z 

mi = eiei — 2 eiei , (2.18) 

2s + d-4-2^ ' 

1 _ 1 2s + d - 2N g 

m2 = -2 e " iei + 4 2s + d-4-2iv/ ie " 1 ' ai9) 

m 3 = ^dei , m 3 = , (2.20) 



and subscript n in (12.81) tells us that i? ( „) is degree-??, homogeneous polynomial in the flat 
derivative d a . We note that gauge invariance requires e 2 = 1. Because e depends on N z , this 
leaves two possibilities e = ±1 at least. 
The following remarks are in order. 

i) Operator E {2) (12.91 ) is the symmetrized Fronsdal operator represented in terms of the oscillators. 
This operator does not depend on the radial coordinate and derivative, z, d z , and it takes the same 
form as the one of massless field in d-dimensional flat space. 

ii) Dependence of operator E (12.81) on the radial coordinate and derivative, z, d z , is entirely gov- 
erned by the operators e\ and e± which are similar to ladder operators appearing in quantum me- 
chanics. Sometimes, we refer to the operators e\ and e\ as ladder operators^. 

iii) Representation for the Lagrangian in (|2.7I) - (|2.13l) is universal and is valid for arbitrary Poincare 
invariant theory. Various Poincare invariant theories are distinguished by ladder operators entering 
the operator E. This is to say that the operators E of massive and conformal fields in flat space de- 
pend on the oscillators a a , a a and the flat derivative d a in the same way as the operator E of AdS 
fields (12.81) . In other words, the operators E for massless AdS fields, massive and conformal fields 
in flat space are distinguished only by the operators e\ and e.\. For example, all that is required to 
get the operator E for massive spin-s field in d-dimensional flat space is to make the substitutions 

e^rna 2 /, &\ — > — mfa z , (2.21) 

where m is mass parameter of the massive field and / is given in (12.171) . Note also that our field 
content (12.11) is similar to the one of Stueckelberg formulation of massive field in d-dimensional 
space rTTVll . Expressions for e\, E\ appropriate for conformal fields may be found in Refs. OTTl . 

Gauge symmetries. We now discuss gauge symmetries of Lagrangian in (12.71) . To this end we 
introduce the following set of gauge transformation parameters: 

C"' as ' , s' = 0,l,...,s-l. (2.22) 



8 Interesting application of other ladder operators to studying AdS/QCD correspondence may be found in (28). We 
believe that our approach will also be useful for better understanding of various aspects of AdS/QCD correspondence 
which are discussed e.g. in [28|-|30|. 
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The gauge parameters £n> and £", 1 '" as ', s' > 2 in (|2.22l) . are the respective scalar, vector, and 
rank-s' totally symmetric tensor fields of the so(d —1,1) algebra. The gauge parameters 
with s' > 2 are subjected to the tracelessness constraint 

C"" w '~' = , s' > 2 . (2.23) 
We now, as usually, collect gauge transformation parameters in ket- vector |£) defined by 

I0 = EM- 1 - V lk>, (2 - 24) 

s'=0 

16') = ; 1 « ai • • • « as ' C'"" 8 ' |0> • (2.25) 

17 s'\y/(s-l-s')\ 

The ket- vectors |£ s /) satisfy the algebraic constraints 

(N a + N z -s + l)\0 = 0, (iV Q -s')l6') = 0, (2.26) 

which tell us that |£) is a degree-(s — 1) homogeneous polynomial in the oscillators a a , a z , while 
\£ a i) is degree-s' homogeneous polynomial in the oscillators a a . In terms of the ket-vector 
tracelessness constraint (12.231) takes the form 

a 2 \O = 0. (2.27) 

Gauge transformation can entirely be written in terms of \(j>) and We find the following gauge 
transformation: 

^) = (a8 -e 1 - 23 + ti _ 1 6 _ 2jVj ^ 1 )|{). (2.28) 

where e x , e± are given in (12. 141) . (12. 151) . From (12.281) . we see that the flat derivative d a enters only 
in a<9-term in (12.281) . while the radial coordinate and derivative, z, d z , enter only in the operators 
ei, t\. Thus, all radial coordinate and derivative contributions to gauge transformation (12.281) are 
entirely expressed in terms of the ladder operators e x and ej^|. 

We finish this Section with the following remark. Introducing new mass-like operator 

, ,2 2s + d - 2 - 2N Z 

M ' - + 2s + d -4-2N^ • (2 ' 29) 

and using explicit expressions for operators e\ and e\ (I2.14I) . (I2.15I) we find 



1 , , l x d-4 

z'- 

We make sure that the operators M 2 , e\ e,\ satisfy the following commutators: 



M2 = - d l^-2^ 2 --^ u^s + ^-N z . (2.30) 



[ eil M 2 }=0, [e u M 2 }=0. (2.31) 

Because the operators ex, Ex enter gauge transformation (12.281 ), relations (12.311) can be considered 
as requirement for gauge invariance of the operator Ai 2 . Therefore, M 2 in (12.291 ) can be consid- 
ered as a definition of gauge invariant mass operator. We note that making substitutions (12.211) 
in (12.291 ) gives M 2 = m 2 . Thus, we see that our definition of mass operator Ai 2 (12.291 ) gives 
desired result for massive field in flat space and provides interesting generalization of notion of 
mass operator to the case of massless AdS field (12.30b . 



9 Making substitutions d2.2U in ( 12.8b and ( 12.28b one can make sure that our Lagrangian and gauge transformation 
match with those of flat limit of AdS massive field theory in Ref. lfTTl . 
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3 Global so(d, 2) symmetries 



Relativistic symmetries of AdSa+i space are described by the so(d, 2) algebra. In our approach, 
the massless spin-s AdSd+i field is described by the set of the so(d — 1, 1) algebra fields (|2.1I) . 
Therefore it is reasonable to represent the so(d, 2) algebra so that to respect manifest so(d — 1, 1) 
symmetries. For application to the AdS/CFT correspondence, most convenient form of the so(d, 2) 
algebra that respects the manifest so(d — 1, 1) symmetries is provided by nomenclature of the 
conformal algebra. This is to say that the so(d, 2) algebra consists of translation generators P a , 
conformal boost generators K a , dilatation generator D, and generators J ab which span so(d— 1, 1) 
algebra. We use the following normalization for commutators of the so(d, 2) algebra generators: 

[D ,P a } = -P a , [P a , J bc ] = v ab P c - v ac P b , (3.1) 

[D, K a ] = K a , [K a , J bc ] = r] ab K c - r] ac K b , (3.2) 

[P a , K b ] = V ab D - J ab , (3.3) 
[J a \ J ce ] = v bc J ae + 3 terms . (3.4) 

Requiring so(d, 2) symmetries implies that the action is invariant with respect to transformation 
5q\4>) = G\4>), where the realization of so(d,2) algebra generators G in terms of differential 
operators takes the form 

P a = d a , J ab = x a d b - x b d a + M ab , (3.5) 

D = xd + A , A = zd z + d —^- , (3.6) 

2 

K a = ~x 2 d a + x a D + M ab x b + R a , (3.7) 

xd = x a d a , x 2 = x a x a . In (13.51) . (13.71) . M ab is spin operator of the so(d — 1, 1) algebra. Com- 
mutation relations for M ab and representation of M ab on space of ket-vector \<f>) (12.31) take the 
form 

[M ab } M ce ] = r] bc M ae + 3 terms , M ab = a a a b - a h a a . (3.8) 
Operator R a appearing in K a (13.71) is given by 

R a = - z c a e 1A + ze 1A a a -^z 2 d a , (3.9) 
C a = a a -a 2 l — a a , (3.10) 

where e^i, e^i are given in (12. 1 6b . We see that realization of Poincare symmetries on bulk AdS 
fields (13.51 ) coincide with realization of Poincare symmetries on boundary CFT operators. Note 
that realization of D- and ^"-symmetries on bulk AdS fields (I3.6I ). (I3.7| ) coincides, by module of 
contributions of operators A and R a , with the realization of D- and A' a -symmetries on boundary 
CFT operators. Realizations of the so(d, 2) algebra on bulk AdS fields and boundary CFT opera- 
tors are distinguished by A and R a . The realization of the so(d, 2) symmetries on bulk AdS fields 
given in (I3.5I) - (I3.7I) turns out to be very convenient for studying AdS/CFT correspondence ifTOl . 
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4 Modified de Donder gauge 

We begin with discussion of gauge-fixing procedure at the level of Lagrangian (12.71) . We find that 
use of the following modified de Donder gauge-fixing term 

£g.fix = ^ (^\^9-fix\4>) , Eg. fix = CC , (4.1) 

C = ad - \a 2 ad - ei n [1 ' 21 + \e x a 2 , (4.2) 

_ _ 

C = ad - ^ada 2 + l -e x a 2 - eill [1 - 21 , (4.3) 

n ll ' 2] = 1 - a 2 —-^ -a 2 , (4.4) 

2{2N a + d) ' 

leads to the surprisingly simple gauge fixed Lagrangian C tota i'- 

C-total = C + Cg.ffa , (4.5) 

Ctotai = -(flEtatallt) , (4.6) 

E total = (l-^a 2 a 2 )(n-M 2 ), (4.7) 

where M. 2 is given in (12.301) F°l We note that our gauge-fixing term (14.11) respects the Poincare 
and dilatation symmetries but breaks the conformal boost ^'"-symmetries, i.e., the simple form of 
gauge fixed Lagrangian (14.51) is achieved at the cost of the symmetries. 

We now discuss gauge-fixing procedure at the level of equations of motion. To this end we 
note that gauge invariant Lagrangian (12.71 ) leads to the following equations of motion0 

(E (2) + n^\E w + E (0) ^\4>) = 0, (4.8) 

n' 2 * 3 ' = 1 - (a 2 ) 2 (a 2 ) 2 . (4.9) 

1 1 8(2N a + d)(2N a + d + 2y ' K ' 

These equations can be represented as 

(£ (2) +£ (1) +£ (o) )|0) = O, (4.10) 

S m = U-adad + \(ad) 2 a 2 , (4.11) 
£ m = ei(ad — ada 2 ) 



+ eAad + a 2 — ■ ad - a 2 ad -a 2 \ , (4.12) 

V 2N a + d - 2 2N a + d J ' 

1 2 
£ (0) = mi - (mi + 4m 2 )a 2 — — -a 2 + m 3 a 2 - m 3 a 2 — n [121 . (4.13) 



10 Making substitutions ( I2.21l i in (I4.2b . d431 l gives gauge fixed Lagrangian for massive field of the form ( 14.5l )-( l4~7l l 
with M 2 = m 2 . 

11 Appearance of the projector n [2-31 in equations of motion ( 14.81 is related to the fact that the operators E m , E m , 
in contrast to the symmetrized Fronsdal operator E {2) , do not respect double tracelessness constraint ( 12.61 >. Note that 
the ket-vectors E m \<j>), E m \4>) are triple-traceless, (a 2 ) 3 E (1) \(j>) — 0, (a 2 ) 3 E (0) \4>) = 0. 



7 



Modified de Donder gauge condition is then defined to be 

C\4>) = 0, (4.14) 

where the operator C is given in (14.31) . Because of double-tracelessness of \<f>) (|2.6I) . operator C 
(14.31) satisfies the relation a 2 C\4>) = 0, i.e., gauge condition (14.141) respects constraint for gauge 
transformation parameter (12.271) . Using the modified de Donder gauge condition in gauge 
invariant equations of motion (|4.10l) leads to the following gauge fixed equations of motion: 

(D-M 2 M = 0, (4.15) 

where Ai 2 is defined in (12.301) . In terms of fields (12.11) . equation (14.151) can be represented as 

(□ + dl - ±(u 2 - \))€- a °' = , «V = s> + , (4.16) 

s' = 0,1, ... ,s. Thus, our modified de Donder gauge condition A4.14\) leads to decoupled equa- 
tions of motion (14.161) which can easily be solved in terms of the Bessel function 0. For spin-1 
field, gauge condition (14.141 ), found in [9|, turns out to be a modification of the Lorentz gauge. 

We note that equations of motion (14.151) have on- shell leftover gauge symmetries. These on- 
shell leftover gauge symmetries can simply be obtained from generic gauge symmetries (12.281) by 
the substituting |£) — > | where the \Cifov) satisfies the following equations of motion: 

(n-M 2 )\£ lfov ) = 0. (4.17) 



5 Comparison of standard and modified de Donder gauges 

Our approach to the massless spin-s field in AdS d+ i is based on use of double-traceless so{d— 1, 1) 
algebra fields (12.11) . One of popular approaches to the massless spin-s field in AdSd+i is based on 
use of double-traceless so(d, 1) algebra field jjj 1 ]. The aim of this Section is twofold. First 

we explain how our modified de Donder gauge is represented in terms of the commonly used field 
$ Al - As . Also, we compare the modified de Donder gauge and commonly used standard de Donder 
gaugeEl Second we show explicitly how our fields (I2.ll) are related to the field q> A ^- A \ 

We begin with discussion of modified de Donder gauge-fixing procedure at the level of La- 
grangian. First we present gauge invariant Lagrangian for the field $ Al - As . To simplify presenta- 
tion we introduce, as before, the following ket- vector 

|$) = l$^-^a A i...QA|0), (5.1) 
s! 

(a 2 ) 2 |$) = 0, (5.2) 

a 2 = a A a A , a 2 = d A d A , (5.3) 

where (15.21) tells us that the - A = is double-traceless, and the scalar products like a A a A are 
decomposed as a A a A = a a a a + a z a z . In terms of |$), gauge invariant Lagrangian takes the 



12 Interesting method of solving AdS field equations of motion which is based on star algebra products in auxiliary 
spinor variables is discussed in Ref.[32|. 

13 Recent applications of the standard de Donder gauge to the various problems of higher-spin fields may be found 
in Refs. 0311331. 
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□ 



AdS - aDaD + ^(aD) 2 a 2 - s(s + d - 5) + 2d - 4 - a 2 a 2 



□ 



AdS 



= D A D A + u 



AABjjB 



aD = a D 



At^A 



aD = a A D 



A r^A 



(5.4) 

(5.5) 
(5.6) 



where e = det e A e A stands for vielbein of AdSd+i space, and D A are covariant derivatives (for 
details of notation, see Appendix). Lagrangian (|5.4I) can be represented as 



C 

E 



e($|£|$) 



(5.7) 



AdS - aDaD + i(«D) 2 a 2 + ^q 2 («D) 2 



-a a AdS a- 



-a 2 aD aDa 2 

4 



s(s + d - 5) + 2d - 4 + -(s(s + d - 3) - d)cx 2 a 2 . 



(5.8) 



We now ready to discuss the modified de Donder gauge. To make our study more useful we 
discuss both the modified and standard de Donder gauges. Note that our formulas for standard 
de Donder gauge are valid for arbitrary parametrization of AdS, while the ones for modified de 
Donder gauge are adapted to the Poincare parametrization. Gauge-fixing term is defined to be 



(5.9) 



where operator E g j ix corresponding to the standard de Donder gauge fixing and the modified de 
Donder gauge fixing is given by 



J C standi stand j 

En. fix \ - 

\ C C 

^ ^mod^mod ; 


standard gauge; 
modified gauge, 


(5.10) 


and we use the notation 






C s tand = olI) - ^a 2 aD , 


C s t a nd = aD - iaDa 2 , 


(5.11) 


C mo d = Cgtand 2Cj_ , 


C mo d = Cgtand 4" 2C^ , 


(5.12) 


CI = a z - -a 2 a z , 
1 2 


CI = a z - -a z a 2 . 
x 2 


(5.13) 



We now make sure that the gauge fixed Lagrangian C to tai takes the form 

C'total = £ ~\~ £>g.fix > 
1 1 



c 



total 



^e($|(l-^ 2 a 2 )£ totoi |4>> 



(5.14) 
(5.15) 



14 Since Ref. lfTTl . various approaches to massless totally symmetric AdS fields were developed in the literature 
(see e.g. H12l l9l l35lll61 '). We use setup discussed in Ref.JD. Formulas in Ref.flj] are adapted to AdS/± with mostly 
negative metric tensor, while our formulas are adapted to AdSd+i with mostly positive metric tensor. Taking this into 
account and plugging d = 3 in (15.5b we make sure that our operator £ matches with the operator Lg in Eq.(2.7) in 
Ref.lfTTl. 
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£ 



total 



^Ads — s(s + d — 5) + 2d — 4 — a 2 o; 2 , standard gauge; 

n oAds - s(s + d - 4) + 2d - 4 - a 2 a 2 + (2s + d - 5)iV z , modified gauge, 

(5.16) 

where O 0AdS = z 2 (n + d 2 ) + (1 — d)zd z . Alternatively, the operator £ to tai corresponding to the 
modified de Donder gauge in (|5.16l) can be represented as 

d 2 

£totai = O 0AdS -a 2 a z a z - v 2 + — , (5.17) 

where v is given in (12.301) . 

We proceed with discussion of gauge-fixing procedure at the level of equations of motion. To 
this end we note that gauge invariant Lagrangian (15.41) leads to the following equations of motion: 

£|$) = 0. (5.18) 

We now define the standard and modified de Donder gauge conditions as 

C s tand\&) = , standard de Donder gauge; (5.19) 

C mo d|<&) = , modified de Donder gauge, (5.20) 

where C sta nd, C moc i are given in (15.1 1I) . (I5. 121) . Using (I5.19I) . (I5.20I) in (15.181) we get gauge fixed 
equations of motion 

£totaim = 0, (5.21) 

where £ to tai is given in (15.161) . We note that, because of C z ± - and C^-terms, the modified de 
Donder gauge breaks some of the so(d, 2) symmetries. In the conformal algebra nomenclature, 
these broken symmetries correspond to broken conformal boost .^-symmetries. 

From £ to tai (15.161) . we see that, because of ct 2 a z a z -term, the modified de Donder gauge for |$) 
does not lead to decoupled equations for the ket-vector |$) wher0 s > 2. It turns out that in order 
to obtain decoupled equations of motion we should introduce our set of fields in (12.11) . We remind 
that |$) is a double-traceless field (15.21) of the so(d, 1) algebra, while \<fr) describes double-traceless 
fields (12.61) of the so(d —1,1) algebra. This is to say that to get decoupled equations of motion we 
have to make transformation from the so(d, 1) ket-vector |$) to so(d — 1, 1) ket-vector \<p). We 
find the following transformation from the ket-vector |$) to our ket-vector \cp): 

\4>) = z l T L mi**\$), (5.22) 



n ** = n w + « 2 — — -nw(« 2 + 2Na+ 7 d a*a z ), (5.23) 

a 2{2N a + d) a v 2N a + d - 2 !l v 

n™ = n [11 (a,0,A^ a ,a,0,rf), (5.24) 

/ 2^r(iV a + N z + ^)r(2iV a + d - 3) x 1/2 
V r(N a + ^)T(2N a + N z + d-3) J ' 

iV Q = a a a a , N z = a z a z , (5.26) 



For spin-1 field, gauge condition ( 15.20b and the corresponding decoupled equations of motion were found in [9]. 
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where T is Euler gamma function and operator II™ in (15.241) is obtained from the function 

00 (—) n T(X + 4- n) 

n [11 («. « 2 ? «, n = E(« 2 + a * a T l nyxV-Uo ^ + ' (5 - 27) 

by equating a z = a z = 0, X = N a , Y = d. We introduce the 2-factor in r.h.s. of (15.221) to obtain 
canonically normalized ket- vector \(j>). 

Inverse transform of (15.221) takes the form 

|$) = z^TP+Nty) , (5.28) 



_ n [i] , 2 i n [1] (a 2 - a z a z ) (5 29) 

- u„+a 2(2JV„ + d + l) a[ 2N a + d-l h P J 

IT™ = II™ (a, a 2 , JV a , a, a z , d+1), N a = N a + N z , (5.30) 

where a 2 is given in (15.31) and 11™ is obtained from Il [1] (|5.27l) by equating X = N a , Y = d + 1. 

We now ready to compare modified de Donder gauges for \<j>) (14.141) and |$) (15.201) . Inserting 
(15.281) in (15.201 ) and choosing e = — 1 in (12.171 ), we make sure that modified de Donder gauge for 
|$) (15.201) amounts to modified de Donder gauge for \<f>) (14.141) i.e., modified de Donder gauges 
for |0) (14.141) and |$) (15.201) match. Also we make sure that inserting (15.281) in equations (15.211) 
leads to equations (|4.15l) . i.e., equations of motions for |0) and |$) match. Finally, one can make 
sure that gauge invariant Lagrangian for |$) (15.41) and the one for \<p) (12.71) match. 

We now compare gauge transformation of the ket- vector \<f>) (|2.28l) and gauge transformation 
of |$) which takes the form 

<$!$) = crDlE), 15) = . 1 N , a Al ...a As - 1 S Al - As - 1 |0), (5.31) 

(8-1)1 

where gauge transformation parameter «^i-^>-i [ s traceless, ^ AAA 3--- A s-i = 0, i.e., ck 2 |5) = 0. 
To this end we note that gauge transformation parameters |£) and |S) are related as 



10 = z'^Af'U^E) , |H> = z^U^'\0 , (5.32) 

N-'=Af\ Na ^ Na+1 , (5.33) 
where II™, II™, M are given in (15.24l) . (15.30l ). (15.251) respectively. We note that IT™ and II™ are 



a 

projectors on traceless ket-vectors, i.e., if \4>trf) and |$t r /) are tracefull ket-vectors, a 2 \(j) tr f) 7^ 0, 
a. 2 \$ trf ) ^ 0, then on has the relations a 2 U [1] \(p trf ) = 0, a 2 U l ^ trf ) = 0. Using (l5TM . (l532l) . 
and e = — 1 in (12.171) . we make sure that gauge transformations (12.281) and (15.311) match. 

Finally we compare realization of so(d, 2) symmetries on the ket-vectors \<f>) and |$). To this 
end we note that on space of |$) realization of the so(d, 2) algebra transformations takes the form 

5 po |$) = «9 a |$) , 6 Ja t\$) = (x a d b - x b d a + M ab )\$) , (5.34) 

6 D \$) = x B d B \<S>), 5 K a\<f>) = (--x B x B d a + x a x B d B +M aB x B )\$) , (5.35) 

where x B x B = x b x b + z 2 , x B d B = x b d b + zd z , M aB x B = M ab x b - M za z. Comparing 03J and 
(15.341) , we see that the realizations of Poincare symmetries on \(f>) and |$) match from the very be- 
ginning. Taking into account z-factor in (15.281) . it is easily seen that ^-transformations for \<f>) (13.61) 
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and |$) (|5.35l) also match. All that remains to do is to match conformal boost /^-transformations 
given in (13.71 ) and (I5.35I ). Choosing e = — 1 in (12.171) , we make sure that realizations of the operator 
K a on |0) (077) and on |$) (15351) match. 

To summarize, using the Poincare parametrization of AdS space, we have developed the CFT 
adapted formulation of massless arbitrary spin AdS field. In our approach, Poincare symmetries of 
the Lagrangian are manifest. As is well known string theory solutions like AdSd+i X S d+1 and Dp- 
brane backgrounds supported by RR-charges have the respective the d- and [p + 1) -dimensional 
Poincare symmetries. We note that the structure of the Lagrangian we obtained for AdS field 
is valid for any theory that respects Poincare symmetries. Various theories are distinguished by 
appropriate ladder operators. Therefore we think that our approach might be a good starting point 
for formulation of higher-spin gauge fields theory in AdSd+i x S d+1 and Dp-bmne backgrounds. 
For the case of AdSd+i field, the ladder operators depend on the radial coordinate and the radial 
derivative. It would be interesting to unravel a structure and role of ladder operators in AdSd+i x 
gd+i anc j £)p_brane backgrounds^]. The AdSd+i x S d+1 and Dp-bmne backgrounds play important 
role in studying string/gauge theory dualities. Developing a theory of higher- spin gauge fields in 
these backgrounds might be useful for better understanding string/gauge theory dualities. 

Acknowledgments. This work was supported by the RFBR Grant No.08-02-00963, RFBR 
Grant for Leading Scientific Schools, Grant No. 1615.2008.2, by the Dynasty Foundation and by 
the Alexander von Humboldt Foundation Grant PHYS0167. 



Appendix A Notation 

Vector indices of the so(d — 1, 1) algebra take the values a, b, c — 0, 1, . . . , d — 1, while vector 
indices of the so(d, 1) algebra take the values A, B,C — 0, 1, . . . , d — 1, d. We use mostly positive 
flat metric tensors r] ab , r] AB '. To simplify our expressions we drop i] ab , i]ab m the respective scalar 
products, i.e., we use X a Y a = r] ab X a Y b , X A Y A = r] AB X A Y B . Using the identification X d = X z 
gives the following decomposition of the so(d, 1) algebra vector: X A = X a ,X z . This implies 
X A Y A = X a Y a + X Z Y Z . 

We use the creation operators a a , a z , and the respective annihilation operators a a , a z , 

[a a , a b ] = r] ab , [a z ,a z } = l, a a |0) = 0, a 2 |0)=0. (A.l) 

These operators are referred to as oscillators in this paper. The oscillators a a , a a and a z , a z , 
transform in the respective vector and scalar representations of the so(d —1,1) algebra and satisfy 
the hermitian conjugation rules, = a a , a z ^ = a z . Oscillators a a , a z and a a , a z are collected 
into the respective so(d, 1) algebra oscillators a A = a a , a z and a A = a a , a z . 
x A = x a , z denote coordinates in d + 1-dimensional AdS^+i space, 

ds 2 = \(dx a dx a + dzdz) , (A.2) 
z 1 

while 8a = d a , d z denote the respective derivatives, d a = d/dx a , d z = d/dz. We use the notation 
□ = d a d a , ad = a a d a , ad = a a d a , a 2 = a a a a , a 2 = a a a a . 
The covariant derivative D A is given by D A = i] AB D B , 

D A = e\D^ Dfi = dti + lujfM AB , M AB = a A a B -a B a A , (A3) 

16 It would also be interesting to unravel the ladder operators in the tensionless limit of AdS strings 1361 1371 , Also 
we think that formalism developed in this paper might be useful for the study of (A)dS massive fields [ 17 1 and (A)dS 
partial-massless fields 081 - 1411 . 
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<9 M = d/dx^ 1 , where is inverse vielbein of AdSd+i space, is the Lorentz covariant derivative 
and the base manifold index takes values fi = 0,1, ... ,d. The cu AB is the Lorentz connection of 
i space, while M AB is a spin operator of the Lorentz algebra so(d, 1). Note that AdSj+i 
coordinates x^ carrying the base manifold indices are identified with coordinates x A carrying the 
fiat vectors indices of the so(d, 1) algebra, i.e., we assume x M = S^x A , where 5^ is Kronecker 
delta symbol. AdSd+i space contravariant tensor field, is related with field carrying the 

fiat indices, i n a standard way = e A * . . . e ^»$w - /^ Helpful commutators are 

given by 

[D A , D B ] = Q ABC D C - M AB , [aD, aD] = D AdS + X -M AB M AB , (A.4) 

where Vt ABC = —uj abc + uj bac is a contorsion tensor and we define uj abc = e A ^tu BC . 

For the Poincare parametrization of AdSd+i space, vielbein e A = e A dx^ and Lorentz connec- 
tion, de A + lu ab A e B = 0, are given by 

< = -f^ ^ B = k^ B -5 B 5 A ). (A.5) 
With choice made in (IA.5I) . the covariant derivative takes the form D A = zd A +M zA , d A = r] AB dB- 
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